We introduce the notion of εη -Einstein ε -contact metric three-manifold, which includes as particular cases η -Einstein Riemannian and Lorentzian (para) contact metric threemanifolds, but which in addition allows for the Reeb vector field to be null. We prove that the product of an εη -Einstein Lorentzian ε -contact metric three-manifold with an εη -Einstein Riemannian contact metric three-manifold carries a bi-parametric family of Ricci-flat Lorentzian metric-compatible connections with isotropic, totally skew-symmetric, closed and co-closed torsion, which in turn yields a bi-parametric family of solutions of six-dimensional minimal supergravity coupled to a tensor multiplet. This result allows for the systematic construction of families of Lorentzian solutions of six-dimensional supergravity from pairs of εη -Einstein contact metric three-manifolds. We classify all left-invariant εη -Einstein structures on simply connected Lie groups, paying special attention to the case in which the Reeb vector field is null. In particular, we show that the Sasaki and K-contact notions extend to ε -contact structures with null Reeb vector field but are however not equivalent conditions, in contrast to the situation occurring when the Reeb vector field is not light-like. Furthermore, we pose the Cauchy initial-value problem of an ε -contact εη -Einstein structure, briefly studying the associated constraint equations in a particularly simple decoupling limit. Altogether, we use these results to obtain novel families of six-dimensional supergravity solutions, some of which can be interpreted as continuous deformations of the maximally supersymmetric solution on Sl(2, R) × S 3 . 42 Appendix A. Simply connected three-dimensional Lorentzian Lie groups 44 Appendix B. Curvature of left-invariant metrics on Lorentzian Lie groups 45 References 47
Introduction
The ongoing mathematical study and development of supergravity [21, 30, 48] poses novel and occasionally striking mathematical problems in diverse areas of differential geometry and topology. Some of these mathematical problems are specifically concerned with the classification of supergravity solutions and the study of the associated moduli spaces of solutions. In this context, the classification of all simply connected Lorentzian manifolds admitting bosonic solutions of supergravity in the considered dimension remains as an outstanding open problem in the mathematical theory of supergravity. The purpose of this note is to propose a contribution to this problem in the specific case of minimal supergravity in six Lorentzian dimensions [46, 47] coupled to a tensor multiplet with constant dilaton, a theory that can be neatly rephrased as a natural geometric problem in the realm of six-dimensional Lorentzian geometry with torsion. More concretely, the bosonic configuration space Conf(M ) of this six-dimensional supergravity (with constant dilaton) on a sixmanifold M consists on pairs (g, H), where g is a Lorentzian metric on M and H is a three-form. The bosonic theory is then geometrically defined through the following system of partial differential equations [46] : (1) Ric(∇ H ) = 0 , dH = 0 , d * g H = 0 , |H| 2 g = 0 , for pairs (g, H) ∈ Conf(M ), where ∇ H is the unique metric-compatible (with respect to g) connection with totally skew-symmetric torsion H. Therefore, solutions of minimal supergravity consist on six-dimensional Lorentzian manifolds equipped with a Ricci-flat metric-compatible connection with isotropic, skew-symmetric, closed and co-closed torsion. Recall that in six Lorentzian dimensions the Hodge operator on three-forms squares to the identity, and the metric induced by g on the bundle of three-forms is of split signature. In particular, if H is closed and (anti) self-dual then it is automatically isotropic and co-closed, providing a natural candidate to solve Equations (1) . (Anti) self-duality of H is in this context a clear reminiscent of the self-duality condition on the curvature of a connection on a principal U(1) bundle over a four-dimensional Riemannian manifold. This analogy can be made rigorous by using the theory of abelian gerbes [14] , although we shall not pursue this point of view here. To the best of our knowledge the geometric problem posed by Equations (1) has not been studied in the mathematical literature.
A solution (g, H) of Equations (1) is said to be supersymmetric if there exists an irreducible real chiral spinor ǫ parallel with respect to the lift of ∇ H to the spinor bundle (assuming the latter exists and is associated to a spin structure on (M, g)) and sitting in the kernel of the endomorphism defined by H in the spinor bundle through Clifford multiplication. Supersymmetric solutions of six-dimensional supergravity have been extensively studied in the literature, see for instance [1, 2, 7, 20, 22, 25, 28, 34, 35] and references therein. However, due to the complexity of the equations involved, examples of explicit solutions are scarce even in the restricted supersymmetric case, with some celebrated exceptions, see [7, [40] [41] [42] and their citations. Rather than studying the problem of classifying solutions to minimal supergravity coupled to a tensor multiplet in its full generality, which seems to be currently out of reach, in this article we make the following simplifying assumptions, with the aim of developing a method to construct families of solutions as a first step to understand the general classification problem:
• We assume that M = N × X is a direct product of three-dimensional oriented manifolds.
• We consider configurations (g, H) ∈ Conf(M ) with a direct product metric g = χ ⊕ h, where χ is a Lorentzian metric on N and h is a Riemannian metric on X. With these provisos in mind, we obtain the following result, see Theorem 5.4 for more details. Theorem 1.1. Let (N, χ, α N , ε N ) be a Lorentzian εη -Einstein ε -contact metric three-manifold and let (M, h, α X ) be a Riemannian εη -Einstein contact metric three-manifold. Then, for appropriate choices of parameters in the εη -Einstein condition (specified in Theorem 5.4), the oriented Cartesian product manifold M = N × X , carries a family of solutions of six-dimensional minimal supergravity coupled to a tensor multiplet given by
and parametrized by (λ, l) ∈ R 2 . Equivalently, (M = N ×X, g = χ ⊕ h) admits a bi-parametric family of metric-compatible Ricci-flat connections ∇ H λ,l with totally skew-symmetric, isotropic, closed and co-closed torsion H λ,l .
Note that, as explained in Section 5, although the Levi-Civita connection ∇ is a product connection, the torsionful connection ∇ H λ,l does not split in general. The notion of ε -contact structure is defined in Section 2, and contains as a particular case the standard notions of Riemannian contact structure when g is Riemannian and the standard notion of Lorentzian (para) contact structure when (ε = 1) ε = −1. The novelty in the definition of ε -contact structure occurs in the case ε = 0, namely the case in which the Reeb vector field is null. To the best of our knowledge this case has not been considered in the literature, and hence we study it in more detail. Consequently, we develop the notions of K-contact and Sasakian null contact metric structure, in analogy with the corresponding definitions occurring in the cases ε = 0. We show that the Sasakian condition is equivalent to the integrability of certain nilpotent endomorphism on R × N , which allows to characterize such structures similarly to the case ε = 0. On the other hand, we explicitly show that, in contrast to the three-dimensional ε = 0 case, the Sasakian and K-contact conditions are not equivalent if ε = 0. Furthermore, we classify all left-invariant Lorentzian three-dimensional simply connected and connected Lie groups carrying left-invariant null contact structures, elucidating which of these structures are Sasakian or K-contact and finding the structure explicitly. The notion of εη -Einstein ε -contact structure is, for ε = 0, a restricted version of the standard η -Einstein condition considered in the literature of contact structures, see for example [9, 15] , which is adapted to make Theorem 1.1 hold. In order to apply Theorem 1.1 to the construction of explicit solutions of minimal supergravity coupled to a tensor multiplet with constant dilaton, we classify all left-invariant εη -Einstein ε -contact structures by exploiting the classification of simply connected three-dimensional Lorentzian Lie groups, developed in [24, 49] . We tabulate our results in the following form. is isomorphic, through a possibly orientation-reversing isometry, to one of the items listed in the following table in terms of the orthonormal frame {e 0 , e 1 , e 2 } appearing in Theorem A.1:
g
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Here Sl(2, R) denotes the universal cover of Sl(2, R), E(2) denotes the universal cover of the group of rigid motions of the Euclidean plane, whereas E(1, 1) denotes the universal cover of the group of rigid motions of the Minkowski plane and H 3 denotes the three-dimensional Heisenberg group. The classification of complete and simply connected εη -Einstein Riemannian three-manifolds was completed in [10, 11, 38] . The classification of complete εη -Einstein Lorentzian three-manifolds with time-like Reeb vector field, presented in Theorem 1.2, proceeds along similar lines to the Riemannian case and therefore may be known to experts, although we have not been able to find it explicitly stated in the literature. By appropriately combining εη -Einstein Riemannian three manifolds with the εη -Einstein ε -contact manifolds listed in the previous theorems, as prescribed in Section 5, we can obtain simply-connected six-dimensional Lorentzian manifolds equipped with a continuous family of Ricci-flat metric-compatible connections with totally skew symmetric, isotropic, closed and co-closed torsion. These and all their smooth discrete quotients carry solutions of minimal supergravity coupled to a tensor multiplet with constant dilaton.
The εη -Einstein condition on a globally hyperbolic Lorentzian ε -contact manifold can be interpreted as a dynamical evolution problem for a metric, a one-form and a pair of functions on a Riemann surface. As such, it admits an initial value formulation. We develop such formulation in Section 4, with the goal of obtaining the associated constraint equations as a first step towards a future study of the Cauchy problem for these structures. This point of view and approach to Lorentzian εη -Einstein structures seems to be largely missing in the mathematical literature, with some notable exceptions, see for instance [26] .
The outline of this article is as follows. In Section 2 we introduce the notion of ε -contact structure and explore some of its generic properties, including its formulation on a globally hyperbolic Lorentzian three-manifold. Section 3 is devoted to ε -contact structures with light-like Reeb vector field, introducing the concepts of Sasakian and null K-contact contact structures and classifying those on a simply connected three-dimensional Lie group which are left-invariant. In Section 4 we introduce the notion of εη -Einstein ε -contact structure and we classify all left-invariant εη -Einstein ε -contact structures on simply connected three-dimensional Lie groups. In Section 5 we present Theorem 1.1 and we establish the link between εη -Einstein ε -contact structures and solutions of supergravity in six dimensions. Finally, in Section 6 we illustrate the type of solutions of six-dimensional supergravity that are obtained through Theorem 1.1 by using the εη -Einstein ε -contact manifolds obtained in Theorems 1.2, 1.3 and 1.4.
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ε -Contact metric three-manifolds
In this section we introduce the notion of ε -contact metric structure, which encompasses as particular cases the standard definition of contact Riemannian metric structure, contact Lorentzian structure and para-contact metric structure in three dimensions, but which also allows for the Reeb vector field to be null. Definition 2.1. Let M be an oriented three-manifold. An ε -contact metric structure (or εcontact structure, in short) on M consists of a triple (g, α, ε), with ε ∈ {−1, 0, 1}, g a Riemmanian or pseudo-Riemannian metric on M and α a one-form α ∈ Ω 1 (M ), satisfying:
3) denotes the Hodge-dual with respect to g and the fixed orientation on M , which is then said to be an ε -contact metric three-manifold (or ε -contact threemanifold, in short). When g is Lorentzian, we will assume that (M, g) is oriented and time-oriented.
where s g = +1 if g is Riemannian and s g = −1 if g is Lorentzian.
Remark 2.3. The motivation to introduce the previous definition will be apparent in Section 5, see Theorem 5.4.
Let (g, α, ε) be an ε -contact metric structure on M and denote by ν g the pseudo-Riemannian volume form associated to g and the fixed orientation on M . If g is Riemannian then necessarily ε = 1 (whence it can be omitted) and (g, α) defines in this case a standard contact metric structure on M [9] . To see this, note that the kernel of α defines an oriented non-integrable rank-two distribution,
Denote by g D the restriction of g to D. Being oriented, the Riemannian volume form of (D, g D ) defines a canonical almost complex structure J D : D → D with respect to which ν D is of type (1, 1). Furthermore, the vector field ξ = α ♯ dual to α satisfies by definition α(ξ) = 1. Equation (2) implies
Therefore, the tuple (D, g, ξ, φ), where φ| D = J D and φ(ξ) = 0, defines a standard contact metric structure on M . Conversely, any such Riemannian contact metric structure gives rise to a canonical Riemannian ε -contact metric structure on M . Similar remarks apply when g is Lorentzian and ε = −1, in which case we recover the usual notion of Lorentzian contact metric structure, and when g is Lorentzian and ε = 1, in which case we recover the usual notion of para-contact metric structure. Hence the following holds.
Proposition 2.4. Let M be an oriented three-manifold. An ε -contact metric structure (g, α, ε) on M defines a canonical Riemannian contact metric structure if g is Riemannian, a canonical Lorentzian contact metric structure if g is Lorentzian and ε = −1, and a canonical para-contact metric structure if g is Lorentzian and ε = 1. The converse also holds for the three previous cases.
Remark 2.5. By the previous argument, if (g, α, ε) is an ε -contact metric structure on a Riemannian manifold (M, g), we shall just denote it as a Riemannian contact metric structure in order to keep the usual nomenclature in the literature.
Given an ε -contact structure (g, α, ε), we will refer to ξ = α ♯ (the metric dual of α) as the Reeb vector field of (g, α, ε). The notion of morphism of ε -contact manifolds we consider is the expected one.
If such F is not orientation preserving, then we will say that it is an orientation-reversing morphism.
Remark 2.7. We denote by PCont the category whose objects are ε -contact three-manifolds and whose morphisms are defined as above. Relevant subcategories of PCont are the subcategory of contact Riemannian three-manifolds PCont R and the category PCont L (ε) of ε -contact Lorentzian three-manifolds with Reeb vector field of norm ε ∈ {−1, 0, 1}.
In analogy with the standard theory of Riemannian contact structures, we introduce, associated to every ε -contact metric structure (g, α, ε), two endomorphisms φ : T M → T M and h : T M → T M :
where ξ = α ♯ is the Reeb vector field of (g, α, ε) and the symbol L denotes Lie derivative. We will refer to φ ∈ Γ(T M ⊗ T * M ) as the characteristic endomorphism of (g, α, ε). Furthermore, from φ and h we define:
These endomorphisms will play an important role later on. The following lemma summarizes some of the properties enjoyed by φ. It follows by direct computation.
Lemma 2.8. The characteristic endomorphism φ of an ε -contact metric manifold (M, g, α, ε) ∈ PCont satisfies:
where ξ def.
= α ♯ denotes the Reeb vector field of (g, α, ε).
Remark 2.9. Note that the characteristic endomorphism of an ε -contact metric structure (g, α, ε) is always skew-symmetric with respect to g, that is,
Given an ε -contact structure (g, α, ε) we define yet another endomorphism, denoted by l ∈ End(T M ), as follows:
where R g denotes the Riemann curvature tensor of g. The endomorphism l : T M → T M should not be confused with the endomorphism defined by the Ricci curvature, which we denote by Q g . This makes five the endomorphisms (φ, h, τ, l, Q g ) canonically associated to every ε -contact structure (g, α, ε). Manifolds equipped with an ε -contact structure (g, α, ε) admit a special frame which is very convenient for computations.
Definition 2.10. Let (g, α, ε) be an ε -contact metric structure on M with Reeb vector field ξ ∈ X(M ). An ε -contact frame is a local frame {ξ, u, φ(u)}, where u ∈ X(M ) is a nowhere vanishing vector field satisfying:
When ε = 0 we will refer to {ξ, u, φ(u)} as a light-cone frame for (g, α, 0), following standard usage in Lorentzian geometry.
Remark 2.11. It is a direct calculation to verify that {ξ, u, φ(u)} is indeed a local frame. We have:
whence φ(u) is locally nowhere vanishing and point-wise orthogonal to the real span of ξ and u.
Proposition 2.12. Let (g, α, ε) be an ε -contact metric structure. The following equations hold:
where ∇ denotes the Levi-Civita connection with respect to g. Furthermore, both h and τ are symmetric with respect to g.
Proof. The proof of Equations (3) follows by direct computation on an ε -contact frame. Thus, we prove only the symmetry properties of h and τ . We compute:
This expression vanishes whenever v 1 or v 2 are equal to ξ. Given an ε -contact frame {ξ, u, φ(u)}, assume now that both v 1 and v 2 belong to the span of of u and φ(u). We obtain:
The symmetry of τ follows now directly:
and we conclude.
An ε -contact structure (g, α, ε) also satisfies the following identities, which play a key role in the classification of εη -Einstein contact structures.
Proposition 2.13. Let (g, α, ε) be an ε -contact metric structure. The following equation holds:
Remark 2.14. We can apply φ to the second equation in the previous proposition, obtaining:
For ε = 0, that is, for ε -contact structures with non-null Reeb vector field, this equation gives the well-known formula for the covariant derivative of ξ [9, 18] . For ε = 0 this equation reduces to τ = 0, which we will prove independently in Lemma 3.2. Therefore, for ε -contact structures with null Reeb vector field, the covariant derivative of the Reeb vector is not prescribed in terms of φ and h. This has important consequences in the classification of εη -Einstein ε -contact structures with null Reeb vector field.
Proof. We use Koszul's formula for the Levi-Civita connection:
Remark 2.15. Note that the equation for ∇ξ given by Proposition 2.13 differs from the one usually found in the literature by a factor of 1 2 . This discrepancy is due to the different convention we are using for the exterior derivative. Given any p-form ω, we define its exterior derivative dω as the (p + 1)-form given by:
Much of the literature on contact geometry, see for example [9] , uses the conventions of Kobayashi and Nomizu [37] , in which the formula of the exterior derivative differs by a factor of 1 p+1 from the one stated above.
Proceeding by analogy with the theory of Riemannian contact metric structures we introduce the notions of Sasakian and K-contact ε -contact metric structures. Definition 2.16. An ε -contact metric structure (g, α, ε) is said to be Sasakian if h = 0. It is said to be K-contact if the Reeb vector field is Killing, that is, if L ξ g = 0.
Remark 2.17. The Sasakian and K-contact conditions are well-known to be equivalent for ε -contact structures with ε = 0, see [9, 15, 16] . However, as we will see in Section 3, this fails to be the case for null contact metric structures (see example 3.16). Indeed, the theory of Sasakian null contact metric structures is strictly richer that the theory of null K-contact structures.
Sasakian ε -contact metric structures with ε = 0 have been extensively studied in the literature, see for instance [9] , [15] or [54] for more details and an exhaustive list of references. In particular, it is well-known that the Sasakian condition can sometimes be equivalently formulated as a curvature condition involving the Ricci curvature tensor Ric g . Since this will be of use later, we briefly review this result using our conventions. Proposition 2.18. Let (g, α, ε) be an ε -contact structure with ε = 0. Then
where Ric g is the Ricci curvature of g.
Proof. The proofs of the proposition in the Riemannian and Lorentzian ε = −1 cases are presented in detail in [9] and [15] , respectively. Hence we focus on the para-contact case. Proposition 2.13 adapted to the para-contact case yields ∇ξ = − 1 2 φ + 1 2 φ • h. Hence, denoting by R g the Riemann curvature tensor, we have:
for v ∈ ker(α) and where we used that ∇ ξ ξ = 0. Applying φ at the previous equation, taking into account that φ 2 = Id − ξ ⊗ α and that ∇ ξ φ = 0, we obtain:
where we have used that α • φ = α • h = 0 and that α([ξ, v]) = 0 (the latter equation follows from the para-contact condition dα = − * α). Applying now Proposition 2.13, we conclude:
On the other hand,
Using now the previous formulae for v of unit norm we obtain:
where we used the fact that g(
and we conclude. . This difference can be traced back to the different convention used in this work for the exterior derivative and h with respect to the conventions used in references [9] and [15] . Proposition 2.20. An ε -contact structure (g, α, ε) with ε s g = 1 is Sasakian if and only if:
Proof. The only if direction follows by setting h = 0 in Proposition 2.18. Conversely, if Ric g (ξ, ξ) = s g ε 2 then Proposition 2.18 implies that Tr(h 2 ) = 0. Taking into account that φ is skew-adjoint with respect to g and that h is self-adjoint with respect to g, we obtain g(h 2 (X), φ(X)) = 0 for every vector field X. Since h(ξ) = 0 and g is positive definite when restricted to ker(α) (assuming εs g = 1), then condition Tr(h 2 ) = 0 implies that h 2 = 0. Since h is self-adjoint, this yields h = 0.
2.1.
Globally hyperbolic ε -contact metric three-manifolds. In this section we describe εcontact metric structures on globally hyperoblic Lorentzian manifolds. This class of ε -contact metric three-manifolds is specially relevant for our purposes, since they can be used to construct globally hyperbolic Lorentzian six-manifolds equipped with a Ricci-flat metric connection with totally skew-symmetric and closed torsion, as described in Section 5 and Theorem 5.4. At the same time, globally hyperbolic solutions of six-dimensional supergravity play a prominent role in the celebrated fuzzball proposal to describe the microscopic entropy of a black hole, see [6, 43] and references therein for more details.
Let (M, g) be a globally hyperbolic Lorentzian three-manifold. A celebrated theorem of A. Bernal and M. Sánchez [8] states that (M, g) admits the following presentation:
where t is a coordinate on R, {β t } t∈R is a family of nowhere vanishing functions on X def.
= {0} × X and {q t } is a family of complete Riemannian metrics on X. In this presentation, (M, g) is oriented and time-oriented, which immediately fixes an orientation on X. We denote by ν qt the Riemannian volume form associated to q t . Let α be a one form on M . Set e 0 t = β t dt. We write:
where {F t } t∈R is a unique family of nowhere vanishing functions on X and {α t } t∈R is a unique family of one-forms on X. With these provisos in mind, the dual of α can be computed to be:
where * qt denotes the Hodge-dual of (X, q t ). On the other hand, the exterior derivative of α reads:
where d X is the exterior derivative on X. Define n t def.
Altogether, the previous discussion implies the following characterization of ε -contact structures on (M, g).
be a globally hyperbolic Lorentzian three-manifold. A one-form α ∈ Ω 1 (M ) defines an ε -contact metric structure on (M, g) if and only if:
where {F t } t∈R , {β t } and α ⊥ t t∈R are defined above and α = F t e 0 + α ⊥ t .
Remark 2.22. The previous proposition yields a system of flow equations for a pair of families of functions {F t } t∈R , {β t } t∈R , a family of one-forms α ⊥ t t∈R and a family of complete Riemannian metrics {q t } t∈R on an oriented two-manifold X. To the best of our knowledge, this system has not been studied in the literature. We hope to study it in more detail elsewhere.
, defined as specified in Remark 2.22, which satisfies Equations 5.
Given a globally hyperbolic ε -contact structure
, it is clear from the previous discussion how to reconstruct (g, α, ε). We consider now a particular example in the case ε = 1.
Example 2.24. In the conditions of Proposition 2.21 set
With these choices for {F t } t∈R and {β t } t∈R , Equations (5) read:
which immediately implies ε = 1, corresponding to the case in which the Reeb vector field is space-like and the associated pair (g, α, ε = 1) defines a para-contact metric structure. Consider now
With these assumptions, Equations (6) are equivalent to:
, e 2Ut = l 2 1 + l 2 2 , for real constants l 1 and l 2 such that l 2 1 + l 2 2 = 0.
Null contact metric structures
The case of ε -contact metric structures with null Reeb vector field (ε = 0) seems to be new in the literature and thus deserves further attention. For simplicity in the exposition, we will refer to Lorentzian ε -contact metric structures with ε = 0 simply as null contact structures. The definition of null contact metric structure allows for the Reeb vector field to be identically zero. We will refer to this case as being trivial. Unless otherwise specified, we will always consider non-trivial null contact metric structures. We recall that Lemma 2.8 applied to a null contact structure (g, α) implies: φ 2 = −ξ ⊗ α , from which the following lemma follows.
Lemma 3.1. The characteristic endomorphism φ of a null contact metric structure (g, α) satisfies
Hence φ is nilpotent.
In the null contact case, the tensor field h def.
= L ξ φ satisfies additional properties not listed in Proposition 2.13 (compare also with Remark 2.14).
Combining the first and fifth equations in Lemma 2.8, we have
Applying the Lie derivative along the Reeb vector field ξ to both sides of the previous equation, we obtain:
Proposition 3.3. The tensor field h associated to a null contact structure (g, α) over M can always be written as:
Remark 3.4. The previous Proposition implies that h cannot have non-zero eigenvalues, in notable contrast with the situation occurring when ε = 0 [9, 15, 53] , where certain eigenbundles of h with non-zero eigenvalue play a crucial role in the classification of εη -Einstein and (κ, µ) contact metric three-manifolds [9, 17] .
Proof. Choose a light-cone frame {ξ, u, φ(u)}. By Lemma 2.13, φ(ξ) = 0 hence ξ ∈ ker(φ). By Remark 2.11 we have g(φ(u), φ(u)) = 1, whence u / ∈ ker(φ). Furthermore, φ 2 (u) = −ξ, so φ(u) / ∈ ker(φ) and we conclude that ker(φ) = Span C ∞ {ξ}. By Lemma 3.2 we have φ • h = 0, and thus Im(h) ⊆ ker(φ), whence h = γ ⊗ ξ for a certain one-form γ. Since h(ξ) = 0 (see Proposition 2.13) we conclude that γ = µ α + c φ(u) ♭ for some functions µ and c. On the other hand, by Lemma 3.2 we have h• φ = 0, which is equivalent to γ • φ = 0. This implies that c = 0 after evaluating at u, that is, imposing γ(φ(u)) = 0.
Remark 3.5. Expressed in a light-cone frame {ξ, u, φ(u)}, the endomorphism h has the following point-wise matrix form:
whence it has a unique type as an endomorphism of the tangent space. This shall be compared with the results of [18] where, in the para-contact case, the possible types of h in an orthonormal special basis were classified.
The additional properties satisfied by the tensor field h allows us to obtain an explicit expression for the Lie brackets of a light-cone frame {ξ, u, φ(u)}. Lemma 3.6. Let (g, α) be a null contact structure over M . For a light-cone frame {ξ, u, φ(u)} we have:
) and b, c, e and f are local functions.
The following examples show that null contact metric structures are abundant.
Example 3.7. Take M = R 3 and fix g = δ to be the standard Minkowski metric of signature (−, +, +) in R 3 with orthonormal coordinates (t, x, y), t being time-like. Then:
is a null contact metric structure. The characteristic endomorphism of this null contact structure can be found to be
as expected. The Reeb vector field is given by ξ = α ♯ = −e y (∂ t + ∂ x ) and we have
Hence (δ, α) is not K-contact, and by Proposition 3.17 below, it cannot be Sasakian either. On the other hand, the endomorphism h can be found to be:
in agreement with Proposition 3.3 with µ = −1. de 0 = e 1 ∧ e 2 , de 1 = e 0 ∧ e 2 , de 2 = −e 0 ∧ e 1 and whose associated Lorentzian metric g is given by:
Hence * e 0 = −e 1 ∧ e 2 , * e 1 = −e 0 ∧ e 2 and * e 2 = e 0 ∧ e 1 . We take α to be a null and left-invariant one-form on M and we expand it the basis e 0 , e 1 , e 2 ,
for some real constant coefficients {α a }, a = 0, 1, 2, satisfying α 2 0 = α 2 1 + α 2 2 . We compute:
Therefore, every null left-invariant one-form on Sl(2, R) equipped with the Lorentzian metric g defines a null contact structure (g, α). We obtain now the characteristic endomorphism φ of (g, α)
as well as its square. A direct computation yields the following matrix representation for φ in the basis e 0 , e 1 , e 2 :
For the square and cubic powers of φ we obtain:
as expected from Lemma 3.1.
Remark 3.9. By the results of [27, 29] , see in particular Theorem A in [29] , Examples 3.7 and 3.8 show that all closed Lorentzian three-manifolds admitting a non-compact isometry group carry null contact structures.
We generalize now Example 3.8 by classifying all simply-connected, Lorentzian, three-dimensional Lie groups admitting left-invariant null contact structures. For this, we will exploit the classification of this type of groups available in the literature [17, 24, 49] , which we summarize for completeness in Appendix A.
Proposition 3.10. A three-dimensional connected and simply connected Lie group G admits a left-invariant null contact structure (g, α) if and only if (G, g, α) is isomorphic, through a possibly orientation-reversing isometry, to one of the items listed in the following table in terms of the orthonormal frame {e 0 , e 1 , e 2 } appearing in Theorem A.1:
Proof. Every connected and simply-connected three-dimensional Lorentzian Lie group is isometric to one of the items listed in Theorem A.1 through an isometry which may be orientation-reversing.
Therefore we proceed on a case by case basis by solving the equation
in each of the cases listed in the table appearing in Theorem A.1. The sign s is introduced because the ε -contact condition is not invariant under orientation reversing morphisms. If a solution is found with s = −1 then an orientation reversing isometry yields an isomorphic Lorentzian Lie algebra admitting a null-contact structure satisfying equation * α = −dα. Let {e 0 , e 1 , e 2 } be the frame appearing in Theorem A.1 and let {e 0 , e 1 , e 2 } be its dual frame. We fix the volume form to be ν = e 0 ∧ e 1 ∧ e 2 . For the rest of the proof we will write:
where α 0 , α 1 and α 2 are real coefficients satisfying α 2 0 = α 2 1 + α 2 2 (hence α 0 = 0 in order for α to be non-zero). If {e 0 , e 1 , e 2 } denotes the dual co-frame, we compute: * α = −α 0 e 1 ∧ e 2 − α 1 e 0 ∧ e 2 + α 2 e 0 ∧ e 1 .
• Case g 1 . In the orthonormal frame for g 1 given in Appendix A, Equation * α = −s dα is equivalent to
In the orthonormal frame for g 2 given in Appendix A, Equation * α = −s dα is equivalent to
Solutions (a, b, c) exist for a non-trivial α if and only if c = µ(b − s) for µ ∈ Z 2 and b = s, since c = 0 is one of the parameter conditions of the algebra g 2 . With this assumption, α 0 = µα 2 , whence α 1 = 0. • Case g 3 . In the orthonormal frame for g 3 given in Appendix A, Equation * α = −s dα is equivalent to cα 0 e 1 ∧ e 2 + aα 1 e 0 ∧ e 2 − bα 2 e 0 ∧ e 1 = sα 0 e 1 ∧ e 2 + sα 1 e 0 ∧ e 2 − sα 2 e 0 ∧ e 1 .
Since α 0 = 0 if α is non-vanishing, we have c = s. If α 1 = 0, then α 2 0 = α 2 2 and b = s. If α 2 = 0, then α 2 0 = α 2 1 and a = s. If α 1 , α 2 = 0, then a = b = s. • Case g 4 . In the orthonormal frame for g 4 given in Appendix A, Equation * α = −s dα is equivalent to
This equation admits non-trivial solutions only if α 2 = 0, b = s (which is required in order to have α 0 = 0) and b 2 − 2b(s + µ) + 2(sµ + 1) = 0 . The previous equation has the unique solution b = µ + s, which satisfies b = s. Setting b = µ + s we obtain α 0 = µα 2 , whence α 1 = 0.
• Case g 5 . In the orthonormal frame for g 5 given in Appendix A, Equation * α = −s dα is equivalent to
This equation implies α 0 = 0, which in turn yields α = 0. Therefore, g 5 does not admit null contact structures. • Case g 6 . In the orthonormal frame for g 6 given in Appendix A, Equation * α = −s dα is equivalent to
.
We obtain α 1 = 0, so that α 0 = −µα 2 for µ ∈ Z 2 . Consequently, µa = s + b and µd = s + c. The remaining conditions follow from equations ac = bd and a + d = 0, which must hold by Theorem A.1. • Case g 7 . In the orthonormal frame for g 7 given in Appendix A, Equation * α = −s dα is equivalent to
with a + d = 0 and ac = 0. Imposing ac = 0 implies α 0 = 0, whence a Lorentzian Lie group with Lie algebra isomorphic to g 7 does not admit non-trivial null contact structures.
3.1. Sasakian null contact structures. The Sasakian condition of a Riemannian or Lorentzian (para) contact-metric structure with non-null Reeb vector field can be defined in terms of the integrability of certain endomorphism defined from φ on T (M × R) [3, 9, 17] . In the null case ε = 0, we proceed in analogous way and we introduce the following endomorphism, which mimics the definition occurring in the case ε = 0:
where q is the fixed canonical coordinate on R and c ∈ R. A direct computation shows that J 2 = 0. We clarify first the relevant notion of integrability of a field of endomorphisms.
Definition 3.11. Let E ∈ Γ(T N ⊗ T * N ) be a field of endomorphisms on a manifold N . Then, E is said to be integrable if around every point n ∈ N there exists a coordinate system on which the local matrix representation of E has constant coefficients.
For almost complex structures the previous definition is equivalent to the standard definition of integrabality in terms of existence of holomorphic charts. Necessary and sufficient conditions for a nilpotent endomorphism (such as J) to be integrable have been studied in the literature, see [13, 36, 39, 50, 52] and [12] for a thorough exposition of this and related topics. By a result of G. Thomson [50, Theorem 2], we have that J ∈ Γ(End(T (M × R))) is integrable if and only if:
• The Nijenhuis torsion tensor of J vanishes.
• J is a zero-deformable field of endomorphisms.
We recall that the Nijenhuis torsion tensor associated to J is defined as
Note that since J 2 = 0, the last term in the right hand side identically vanishes. Also, we remind the reader that a certain field of endomorphisms is said to be zero-deformable if around every point of M there exists a frame relative to which the Jordan form of this endomorphism field is constant.
In this basis J has the following matrix representation:
Since the basis (ξ, u, φ(u), ∂ q ) exists at every point in M × R, we conclude that J is always locally conjugate to the same constant Jordan form.
The kernel of J is locally spanned by
is Sasakian if and only if its associated endomorphism J :
Proof. Assume first that (g, α) is Sasakian, that is, h = 0. By Lemma 3.12 the endomorphism J is zero-deformable and by Lemma 3.13 its kernel Ker(J) is involutive. Therefore by Theorem [50, Theorem 2] we only need to show that N J vanishes to prove that J is integrable. Since N J is a tensor, it is enough to prove that it vanishes on a light cone frame {ξ, u, φ(u), ∂ q }. We compute:
whence J is integrable. The converse follows now directly by applying the previous formulae, upon use of Lemmas 3.12 and 3.13 and the fact that h(u) = 0 if and only if h = 0.
We proceed now to classify all left-invariant Sasakian null contact structures on simply-connected, Lorenztian, three-dimensional Lie groups by exploiting Proposition 3.10. G, g, α) is isomorphic, through a possibly orientation-reversing isometry, to one of the items listed in the following table in terms of the orthonormal frame {e 0 , e 1 , e 2 } appearing in Theorem A.1:
Sl(2, R)
Proof. We proceed by verifying which cases in Proposition 3.10 satisfy h = 0. By Proposition 3.3, it is enough to prove that h(u) = 0, where u ∈ {ξ, u, φ(u)} belongs to a light-cone frame.
In the following computations it will be very convenient to use that the matrix expression of the characteristic endomorphism φ in the orthonormal basis {e 0 , e 1 , e 2 } used at Theorem A.1 is given by
Furthermore, the Reeb vector field ξ is given by ξ = −α 0 e 0 + α 1 e 1 + α 2 e 2 .
• Case g 1 . Since α 1 = 0 by Proposition 3.10, then the Reeb vector field reads ξ = −α 0 (e 0 + e 2 ). A direct computation shows that (ξ, u = 1 2α0 (e 0 −e 2 ), −e 1 ) is a light-cone frame (where φ(u) = −e 1 ). Hence h(u) = α 0 [e 0 , e 1 ] + α 0 [e 2 , e 1 ] + φ([e 2 , e 0 ]) = 0 , implying that every null contact structure on g 1 is Sasakian.
• Case g 2 . Proposition 3.10 states that α 0 = µα 2 . We have ξ = α 0 (−e 0 + µe 2 ). The triple (ξ, u = 1 2α0 (e 0 + µe 2 ), µe 1 ) is a light-cone frame (with φ(u) = µe 1 ). We compute:
This equation is satisfied if and only if µc − a + b = 0. This condition, together with the condition µc = b − s, which appears in Proposition 3.10, implies that 2b = a + s and 2µc = a − s, with a = s to ensure that c = 0. • Case g 3 . According to Proposition 3.10 we distinguish between the cases α 1 = 0 with α 2 = 0, α 2 = 0 with α 1 = 0 and α 1 , α 2 = 0. If α 1 = 0, then ξ = α 0 (−e 0 + µe 2 ) and (ξ, u = 1 2α0 (e 0 + µe 2 ), µe 1 ) is a light-cone frame. We obtain, after using that b = c = s:
Hence, h = 0 if and only if a = s. Similarly, if α 2 = 0, then ξ = α 0 (−e 0 + µe 1 ) and {ξ, u = 1 2α0 (e 0 + µe 1 ), µe 2 } is a light-cone frame (with φ(u) = µe 2 ). Since a = c = s, we compute:
Hence h = 0 if and only if b = s. The case α 1 , α 2 = 0 follows along similar lines. • Case g 4 . In this case we have ξ = α 0 (−e 0 + µe 2 ) and get a light-cone frame (ξ, u = 1 2α0 (e 0 + µe 2 ), µe 1 ). We obtain:
which vanishes if and only if 1 − µb + µa = 0 .
This is in turn equivalent to the constraint a = s. • Case g 6 . In this case we have ξ = −α 0 (e 0 + µe 2 ) and {ξ, u = 1 2α0 (e 0 − µe 2 ), −µe 1 } is a light-cone frame, where φ(u) = −µe 1 . We find:
whence c = −µa and d = −µb. Taking into account now the constraints stated in Proposition 3.10 we conclude.
3.2.
Null K-contact structures. For three-dimensional Riemannian contact structures, Lorentzian contact structures and para-contact structures, the K-contact and Sasakian conditions are equivalent. However, this fails to be the case for null contact structures, as the following Example shows.
Example 3.16. Take M to be a connected and simply connected Lie group admitting a left-invariant global co-frame {e + , e − , e 2 } satisfying:
where a ∈ R\ {0}. We denote by {e + , e − , e 2 } the frame dual to {e + , e − , e 2 }. We equip M with the Lorentzian metric g = e + ⊙ e − + e 2 ⊗ e 2 and we fix the volume form to be ν = e − ∧ e + ∧ e 2 . Set α def.
= e − , whence ξ = e + . Then, (g, α) defines a null contact structure on M since g(ξ, ξ) = 0 and * α = −α ∧ e 2 = −dα .
The characteristic endomorphism φ is given by:
Therefore, {ξ, e − , −e 2 } yields a light-cone frame. Similarly, φ 2 can be shown to satisfy:
Hence we obtain φ 2 = −ξ ⊗ α and φ 3 = 0, as required. The fact that (g, α) is Sasakian follows now from the following computation:
which, together with Proposition 3.3 implies that h vanishes identically. On the other hand, ξ cannot be a Killing vector field, because:
and a = 0 by assumption. Therefore (g, α) is a Sasakian null contact structure which fails to be K-contact.
Hence, the Sasakian condition does not imply the K-contact condition.
Proposition 3.17. Every three-dimensional null K-contact structure (g, α) is Sasakian.
Proof. Let ξ denote the Reeb vector field associated to (g, α) and choose a light-cone frame {ξ, u, φ(u)}. From the K-contact condition we have:
where we have used that φ is skew-adjoint with respect to g. On the other hand, Corollary 3.3 implies that h(u) = µ ξ for some function µ ∈ C ∞ (M ). Since g(u, ξ) = 1, equation g(u, h(u)) = 0 is equivalent to µ = 0 and thus h = 0. Proposition 3.18. Let ξ denote the Reeb vector field associated to a Sasakian null-contact structure (g, α), and let {ξ, u, φ(u)} be a light-cone frame. Then, (g, α) is K-contact if and only if:
Proof. We evaluate L ξ g on a light-cone frame {ξ, u, φ(u)}. A direct computation using Lemma 3.6 shows that the only non-trivial term is
and we conclude. Using the classification of simply connected, Lorentzian, three-dimensional Lie groups admitting left-invariant Sasakian null contact structures presented in Proposition 3.15, we obtain in the following an analogous classification for null K-contact structures. Proposition 3.20. A three-dimensional connected and simply connected Lie group G admits a left-invariant null K-contact contact structure (g, α) if and only if (G, g, α) is isomorphic, through a possibly orientation-reversing isometry, to one of the items listed in the following table in terms of the orthonormal frame {e 0 , e 1 , e 2 } appearing in Theorem A.1:
Proof. Proposition 3.17 states that every null K-contact structure is Sasakian. Therefore, we proceed by checking which cases in Proposition 3.15 are in fact K-contact. By Proposition 3.18, we will test K-contactness by verifying if g([ξ, u], u) = 0. We use the terminology introduced in Propositions 3.15 and 3.17:
• Case g 1 . We obtain [ξ, u] = [e 0 , e 2 ] = −se 1 − ae 2 − ae 0 = 0, where a = 0 by Theorem A.1.
Hence: g([ξ, u], u) = a α 0 = 0 , whence g 1 does not admit left-invariant null K-contact structures. In fact, Example 3.16 corresponds to a Lie group of type g 1 . • Case g 2 . We have [ξ, u] = µ[e 2 , e 0 ] = µae 1 = aφ(u), whence g([ξ, u], u) = 0. Therefore, every Sasakian null contact structure on g 2 is K-contact. • Case g 3 . We distinguish between the cases α 1 = 0 or α 2 = 0 and α 1 , α 2 = 0. The previous Proposition and Example 3.16 show that the theory of null K-contact structures and Sasakian null contact structures in three dimensions has the potential to be richer than its ε = 0 counterpart, where the Sasakian and K-contact conditions are equivalent. Further investigation of this issue is beyond the scope of this manuscript.
εη -Einstein ε -contact metric manifolds
We introduce in this section the notion of εη -Einstein ε -contact metric structure on an oriented three-manifold N , which is a particular case of the standard notion of η -Einstein Riemannian/Lorentzian contact metric structure when the Reeb vector field has non-vanishing norm. The definition is motivated by the structure of six-dimensional supergravity (coupled to a tensor multiplet) and its solutions, see Section 5 and Theorem 5.4 for details and applications. Definition 4.1. An ε -contact metric structure (g, α, ε) on N is said to be εη -Einstein if the Ricci curvature tensor Ric g of g satisfies (7) Ric g = s g 2 (λ 2 + κ ε) g − s g κ α ⊗ α ,
where s g = 1 if g is Riemannian, s g = −1 if g is Lorentzian and λ, κ ∈ R are real constants such that κ ≥ 0 if s g = −1.
Remark 4.2. Whenever there is no possible confusion, we may abbreviate notation and denote an εη -Einstein contact metric structure (g, α, ε) just by εη -Einstein contact structure. 
Therefore ξ is an eigenvector of Q g with eigenvalue ρ ξ = sg Definition 4.4. We denote by PCont εη (ε, λ 2 , κ) the category of εη -Einstein ε -contact structures with respect to λ 2 and κ and whose Reeb vector field is of norm ε. Likewise, denote by PCont εη L (ε, λ 2 , κ) (PCont εη R (λ 2 , κ)) the category of Lorentzian (Riemannian) εη -Einstein ε -contact structures with respect to λ 2 , κ and whose Reeb vector field is of norm ε.
Remark 4.5. Let (g, α, ε) ∈ PCont εη (ε, λ 2 , κ) with ε s g = 1. By Definition 7, we have:
On the other hand, by Proposition 2.20 (g, α, ε) is Sasakian if and only if Ric g (ξ, ξ) = s g ε 2 . This is equivalent to
In other words, an εη -Einstein ε -contact structure (g, α, ε) such that s g ε = 1 is Sasakian if and only if (g, α, ε) ∈ PCont εη (ε, 1 + εκ, κ).
Lemma 4.6. Let (N, g, α, ε) ∈ PCont εη (ε, λ 2 , κ). Then, the following equation holds:
and R g denotes the Riemann tensor on (N, g).
Proof. The results follows directly by plugging the εη -Einstein condition in the expression for the Riemann tensor of a (pseudo-)Riemannian three-manifold in terms of its Ricci curvature.
Remark 4.7. The previous Proposition implies that a Riemannian εη -Einstein contact manifold (M, g, α, ε) ∈ PCont εη R (λ 2 , κ) is a (κ, µ) manifold or, alternatively, a Riemannian contact threemanifold whose Reeb vector field belongs to the nullity distribution [11] .
We consider now the εη -Einstein condition on globally hyperbolic Lorentzian three-manifolds, making contact with Section 2.1, where the ε -contact condition for a one-form on a globally hyperbolic Lorentzian three-manifold was considered. Therefore, using the notation of Section 2.1, we set:
where {β t } t∈R , {F t } t∈R , {α t } t∈R and {q t } t∈R are parametric families on X t , e 0 = β t dt is the normalized time-like one-form induced by the globally hyperbolic presentation of (N, g) and where we have considered, for every t ∈ R,
= {t} × X ⊂ N as an embedded manifold. We introduce the familiar Weingarten tensor W t and second fundamental form Θ t :
associated to the embedding X t ⊂ N . The trace of Θ t with respect to q t , which we denote by Tr qt (Θ t ), is the mean curvature of the embedded surface X t ⊂ N .
on X t defines an εη -Einstein εcontact structure as prescribed in (8) if and only if:
where L denotes Lie derivative, d Xt denotes the exterior derivative on X t , Tr qt denotes trace with respect to q t , ∇ qt represents the Levi-Civita connection of q t and c = 1 2 (5λ 2 + 3κε) is a constant. Proof. The first line of equations in (9) is proven in Proposition 2.21. A direct computation shows that:
, Plugging these equations in the εη -Einstein condition (7) and combining them with the trace of (7) we obtain the second and third lines in (9) . For more details the reader is referred to [5] and references therein.
Therefore, the εη -Einstein condition on a globally hyperbolic Lorentian three manifold becomes, as expected, a dynamical equation on the evolution of a pair of functions, a one-form and a metric on a two-dimensional oriented manifold. Note that the only equations in (9) that contain time derivatives correspond to the second equation in the first line and the equation in the third line. These become the evolution equations for the tuple
, while the rest of equations can be considered as constraint equations in order to formulate a Cauchy or initial value problem for Lorentzian εη -Einstein ε -contact structures. Set:
and consider X as the Cauchy surface for the zero-time intial values (q, Θ, F, α ⊥ ) associated to a given tuple ({β t } t∈R , {F t } t∈R , α ⊥ t t∈R , {q t } t∈R ) satisfying equations (9) . The following result is a direct consequence Proposition 4.8.
is a solution of (9) then (q, Θ, F, α ⊥ ) satisfies:
where Θ is a symmetric bilinear form on X.
Remark 4.10. Equations (10), to which we will refer as the constraint equations of an εη -Einstein structure, generalize the well-known constraint equations of General Relativity coupled to a cosmological constant in (2 + 1) dimensions via the coupling of an ε -contact structure. If we take F = 0 then, the second equation in the first line of (10) forces ε = 1 and the whole system decouples. The second line in (10) corresponds in this case to the constraint equations of General Relativity coupled to a cosmological constant. This system has been studied in the literature, see [4, 45] and references therein. In fact, it would be interesting to explore if a Hamiltonian formulation on (the cotangent space of) Teichmüller space, in the lines of the one presented in [4, 45] , can be developed also for εη -Einstein structures. Note that, under the assumption F = 0 the first line reduces to the condition of α ⊥ being closed and of constant norm, a condition which if X is compact can only be satisfied on the torus.
Proving the converse of Proposition 4.9, that is, proving that for every solution of (10) there exists a tuple ({β t } t∈R , {F t } t∈R , α ⊥ t t∈R , {q t } t∈R ) fulfilling (9), would solve the initial value problem of εη -Einstein ε -contact structures. Addressing this problem is beyond the scope of this manuscript and will be considered elsewhere. Having said this, we expect the converse to hold due to the fact that εη -Einstein ε -contact condition arises in a supergravity theory, which is expected to pose consistent initial value problems due to their supersymmetric structure [23] .
We distinguish the cases κ = 0 and κ = 0. Due to its complexity, we plan to investigate the case κ = 0 in a separate publication, so we focus instead on the case κ = 0 in the following, with the goal of showing existence of particular solutions. If κ = 0 then Equations (10) decouple again (see Remark 4.10) and the second line in (10) corresponds to the constraint equations of General Relativity coupled to a cosmological constant. Hence, we focus on the first line in (10) , which we rewrite as follows:
* d X α ⊥ + |α ⊥ | 2 q − ε = 0 , with variable given by a one-form α ⊥ ∈ Ω 1 (X) on a complete Riemann surface (X, q). We focus on the null-contact case ε = 0, since it seems to be new in the literature. In this case, the previous equation reduces simply to (11) *
We introduce now local isothermal coordinates (x, y) on X, in which the metric q reads q = F 2 (dx 2 + dy 2 ) for a local function F . In this coordinates, Equation (11) reads
where we have written α ⊥ = α x dx + α y dy. Assuming α x = 0 the previous equation admits the solution α y = e F dx+f (y) , where f (y) is a local function depending only on y. Assuming on the other hand α y = 0 the previous equation admits the solution α x = e − F dy+f (x) , where f (x) is a local function depending only on x. Hence, we obtain the following result. Proposition 4.11. Every solution to the constraint equations of General Relativity coupled to a cosmological constant is, at least locally, a solution to the constraint equations of an εη -Einstein null contact structure with κ = 0.
We study now the εη -Einstein condition on a case by case basis by distinguishing the signature of g and the the causal character of the Reeb vector field.
4.1.
Riemannian εη -Einstein contact structures. We briefly review in this section the classification εη -Einstein Riemannian contact structures, with the goal of constructing solutions of supergravity coupled to a tensor multiplet, as explained in Sections 5 and 6. Riemannian contact structures on three-manifolds have been extensively studied in the literature, see [11, 33, 38] and references therein. Adapting and refining the results of [11, 33, 38] to our situation and conventions we obtain the following Theorem.
Theorem 4.12. [11, 33, 38] Let (M, g, α) be a three-dimensional complete and simply connected εη -Einstein Riemannian contact metric manifold, (M, g, α) ∈ PCont εη R (λ 2 , κ). Then one of the following holds: • (M, g, α) is Sasakian. If (M, g, α) is in addition a Lie group equipped with a left-invariant εη -Einstein Sasakian structure, then it is isomorphic 1 to a left-invariant εη -Einstein structure on: g, α) is non-Sasakian and isomorphic to a left-invariant εη -Einstein structure on:
(1) SU(2) if λ 2 = −κ = 1 2 − 1 2 µ 2 , with 0 < µ < 1 the positive eigenvalue of the tensor field h.
Proof. If (M, g, α) is Sasakian and not isomorphic to a Lie group equipped with a left-invariant structure (g, α) then we are done. On the other hand, reference [38] proves that a complete and simply connected εη -Einstein non-Sasakian Riemannian contact three-manifold has a Lie group structure respect to which its εη -Einstein structure is left-invariant. Therefore, we use the classification [44] of three-dimensional Riemannian Lie algebras to proceed on a case by case basis evaluating the εη -Einstein condition. We distinguish between the Sasakian and the non-Sasakian cases.
• Sasakian case. First, if (M, g, α) is a Sasakian unimodular Lie group then there exists an orthonormal left-invariant frame {e 1 , e 2 , e 3 } whose associated Lie brackets satisfy [44] :
for some real constants µ 1 , µ 2 , µ 3 ∈ R. This immediately implies:
where {e 1 , e 2 , e 3 } is the coframe dual to {e 1 , e 2 , e 3 }. Expressing α = α 0 e 0 + α 1 e 1 + α 2 e 2 , the contact condition (we include the sign s ∈ Z 2 in order to take into account orientation-reversing isometries) reads * α = sdα , what is equivalent to:
Furthermore, the non-zero components of the Ricci curvature tensor Ric g read:
, Ric g (e 1 , e 2 ) = Ric g (e 1 , e 3 ) = Ric g (e 2 , e 3 ) = 0 . We distinguish now the following subcases of the Sasakian unimodular case:
• Assume α 1 , α 2 , α 3 = 0. Then µ 1 = µ 2 = µ 3 = −s and Ric g = 1 2 g, which follows from λ 2 = 1 and κ = 0. Therefore, choosing s = −1 we conclude that (M, g) is isometric to SU(2) equipped with a left-invariant metric.
• Assume α 1 , α 2 = 0 and α 3 = 0. Again, µ 1 , µ 2 = −s. Since Ric(e 1 , e 2 ) = 0, we obtain κ = 0. Consequently, λ 2 = 1 which in turn implies, by equating Ric g (e 1 , e 1 ) = Ric g (e 2 , e 2 ) = Ric g (e 3 , e 3 ), that µ 3 = −s. Taking s = −1, we recover the previous case and we conclude that (M, g) is isometric to SU(2). A similar analysis holds when α 1 , α 3 = 0 and α 2 = 0 and when α 2 , α 3 = 0 and α 1 = 0.
• Assume α 2 = α 3 = 0 and α 2 1 = 1. Then, ξ = ±e 1 and we obtain Ric g (e 1 , e 1 ) = 1 2 by the Sasaki condition. However, owing the fact that α 1 = 0 implies that µ 1 = −s, then we have that
Therefore µ 2 = µ 3 = µ ∈ R. Now, since Ric g (e 2 , e 2 ) = Ric g (e 3 , e 3 ) = 1 2 (2λ 2 − 1), we get the constraint
Taking s = −1, we conclude that for µ > 0 (M, g) is isometric to SU(2) and that for µ = 0 (M, g) is isometric to H 3 . A completely similar analysis holds when α 2 2 = 1 and α 2 3 = 1. Secondly, if (M, g, α) is a Sasakian non-unimodular Lie group then there exists an orthonormal left-invariant frame {e 1 , e 2 , e 3 } whose associated Lie brackets satisfy [44] :
[e 1 , e 2 ] = ae 2 + be 3 , [e 1 , e 3 ] = ce 2 + f e 3 , [e 2 , e 3 ] = 0 , for real numbers a, b, c, f ∈ R satisfying that a + f = 2. These Lie brackets immediately imply:
Therefore the contact condition imposes the following constraints:
The components of the Ricci curvature tensor in this orthonormal basis read: In particular, we have:
Imposing the εη -Einstein condition, and taking into account that α 2 2 + α 2 3 = 1 by the contact condition, we obtain Ric g (e 2 , e 2 ) + Ric g (e 3 , e 3 ) = λ 2 + κ − κα 2 2 − κα 2 3 = λ 2 , which in turn yields λ 2 = −4. Hence, non-unimodular Riemannian groups admit no left-invariant εη -Einstein structures.
• If (M, g, α) is non-Sasakian, then [38] shows that the εη -Einstein condition implies λ 2 = −κ.
Furthermore, [11, 38] proves that there exists a frame {ξ, X, φ(X)}, where X is an eigenvector of h with positive eigenvalue, whose Lie brackets satisfy:
where µ is the positive eigenvalue of h. Comparing the previous Lie brackets to Milnor's classification, we obtain that M must be isometric to SU(2) when µ < 1 and isometric to E(2) when µ = 1. Finally, using Proposition 2.18, we find the relation µ 2 = 1 − 2λ 2 .
4.2.
Lorentzian εη -Einstein structures with time-like Reeb vector field. Let (M, g, α, −1) ∈ PCont εη L (−1, λ 2 , κ) be an ε -contact metric manifold M with time-like vector field. Note that, by Definition 4.1, (g, α, ε) is εη -Einstein if and only if it satisfies (12) Ric
where λ ∈ R and κ ≥ 0.
Remark 4.13. The Lorentzian εη -Einstein condition with time-like Reeb vector field has a natural physical interpretation in the context of General Relativity. Indeed, it is an Einstein-like equation, that is, it can be written as follows:
, where G(g) = Ric g − 1 2 R g g denotes the Einstein tensor and T(g, α) ∈ Γ(T * N ⊙ T * N ) is the energy-momentum tensor of Einstein's equations, given in this case by
Interestingly enough, T(g, α) corresponds with the energy-momentum tensor of a perfect fluid whose speed is prescribed by ξ and whose pressure p and rest-frame mass density o are constant and given by:
Hence, the εη -Einstein condition in Lorentzian signature with ε = −1 corresponds with the Einstein's General Relativity equations for a Lorentzian metric coupled to a perfect fluid with velocity prescribed by the Reeb vector field. This interpretation allows to apply the extensive literature dedicated to the study of perfect-fluid space-times, see for instance [31] and references therein, to the study of Lorentzian εη -Einstein ε -contact structures.
We prove now that a Lorentzian εη -Einstein contact structure (g, α, −1) on a connected and simply connected complete 2 three-dimensional Lorentzian manifold (M, g) is either Sasakian or isometric to a Lie group equipped with a Lorentzian left-invariant contact structure (g, α, −1). We proceed analogously to the Riemannian case [11] . We prove first existence of a special type of ε -contact frame, particularly convenient for computations.
Lemma 4.14. Let (M, g, α, −1) ∈ PCont εη L (−1, λ 2 , κ) be a simply connected Lorentzian εη -Einstein ε -contact metric three-manifold. Then, there exists a global orthonormal frame {ξ, X, φ(X)} such that h(X) = µX and h(φ(X)) = −µφ(X), where:
In particular, λ 2 + κ ≤ 1.
Proof. First notice that since M is simply connected and three-dimensional it is parallelizable, whence it admits nowhere vanishing vector fields. If (g, α) is Sasakian then h = 0 and λ 2 + κ = 1, see Remark 4.5, and the statement is trivial. We consider thus the non-Sasakian case. For every nowhere vanishing space-like vector field Y ∈ X(M ) of unit norm, {ξ, Y, φ(Y )} is a global ε -contact frame. Furthermore:
. Therefore:
for some σ ∈ C ∞ (M ). Therefore, Tr(h 2 ) = 2σ 2 . Since (M, g, α, −1) ∈ PCont εη L (−1, λ 2 , κ), combining Proposition 2.18 and Remark 4.5 we obtain that σ = 1 − (λ 2 + κ). Since (M, g, α, −1) is not Sasakian we have λ 2 + κ < 1 whence µ is strictly positive and corresponds with the positive eigenvalue of h.
Working in the special global ε -contact frame introduced in Lemma 4.14 we prove that every non-Sasakian εη -Einstein connected and simply-connected Lorentzian three-dimensional manifold is a Lie group equipped with a left-invariant εη -Einstein structure.
Proposition 4.15. Let (M, g, α, −1) ∈ PCont εη L (−1, λ 2 , κ) be simply connected with λ 2 + κ < 1 (that is, (M, g, α) is not Sasakian). Then, the following Lie brackets hold in the special ε -contact frame {ξ, X, φ(X)} described in Lemma 4.14 :
Furthermore, λ 2 = κ and 0 ≤ λ 2 = κ < 1 2 since κ ≥ 0. Proof. Propositions 2.12 and 2.13 imply that:
On the other hand, we have that g(∇ X X, ξ) = −g(X, ∇ X ξ) = 0 and
Therefore, ∇ X X = cφ(X) and ∇ φ(X) φ(X) = eX for some functions c, e ∈ C ∞ (M ). Similarly, g(∇ ξ X, ξ) = g(∇ ξ (φ(X)), ξ) = 0, whence ∇ ξ X = βφ(X) and ∇ ξ φ(X) = −βX for a function β ∈ C ∞ (M ). Furthermore, we have:
g(∇ X φ(X), ξ) = −g(φ(X), ∇ X ξ) = 1 2 (1 + µ) , g(∇ φ(X) X, ξ) = −g(X, ∇ φ(X) ξ) = 1 2 (µ − 1) , g(∇ X φ(X), X) = −g(φ(X), ∇ X X) = −c , g(∇ φ(X) X, φ(X)) = −g(X, ∇ φ(X) φ(X)) = −e . Summarizing:
by using the torsion-free property of ∇. Making use of the previous equations, we compute:
By comparing with Lemma 4.6, we conclude that µβ = µc = µe = 0. Since µ = 0 by assumption, then β = c = e = 0. Finally, by Ric g (X, X) = Ric g (φ(X), φ(X)) = 0 we get λ 2 = κ. Hence, µ = √ 1 − 2λ 2 and we conclude.
Remark 4.16. From the proof of Proposition 4.15 we extract the following covariant derivatives of the ε -contact frame of special type described in Lemma 4.14:
Proposition 4.17. Let (M, g, α, −1) ∈ PCont εη L (−1, λ 2 , κ) be a complete and simply connected three-dimensional Lorentz εη -Einstein contact manifold. Then, one of the following holds:
• (M, g, α, −1) is Sasakian.
• (M, g, α, −1) is non-Sasakian and isomorphic to one of the following Lie groups equipped with a left-invariant εη -Einstein structure (g, α, −1):
Proof. Assume (M, g, α, −1) is non-Sasakian. By Proposition 4.15, there exists a global orthonormal frame {ξ, X, φ(X)} such that:
such that λ 2 = κ and 0 ≤ λ 2 = κ < 1 2 . Using [51, Proposition 1.9], the fact that M admits a global frame with constant structure functions implies that (M, g, α) has a Lie group structure (canonical after fixing an identity point) respect to which {ξ, X, φ(X)} is left-invariant. Using the classification of connected and simply connected three-dimensional Lie groups summarized in Appendix A we conclude that (M, g) is of type g 3 when 1 2 > λ 2 = κ > 0 by identifying: ξ = e 0 , e 1 = X , e 2 = φ(X) .
In particular, we have:
where a, b and c are the real parameters appearing in case g 3 of Theorem A.1. Hence (M, g) is isometric to Sl(2, R) equipped with a left-invariant metric. On the other hand, when λ 2 = κ = 0, identifying: e 0 = −ξ , e 1 = −φ(X) , e 2 = −X , we obtain that (M, g) is isometric to E(1, 1) endowed with a left-invariant metric.
For Sasakian structures, we obtain the following result.
Lemma 4.18. Let (G, g, α, −1) ∈ PCont εη L (−1, λ 2 , 1 − λ 2 ) be a left-invariant Sasakian Lorentzian εη -Einstein contact structure on a simply connected Lie group G. Then, according to the classification of connected and simply connected 3-dimensional Lie groups given in Theorem A.1, one of the following holds: • G is of type g 3 . In particular, we have that (G, g, α, −1) is isomorphic to a left-invariant εη -Einstein structure on:
Proof. Let {ξ, X, φ(X)} be a left-invariant ε -contact frame on (G, ξ, α). The proof of Proposition 4.15 shows that the following holds:
, where β, c, e ∈ R. Imposing the Jacobi identity, we obtain the constraint
Hence, either c = e = 0 or β = − 1 2 . We consider these cases separately. • Assume c = e = 0. Imposing that (G, g, α) ∈ PCont εη L (−1, λ 2 , 1 − λ 2 ), we obtain the condition Ric g (X, X) = Ric g (φ(X), φ(X)) = 1 2 − λ 2 , which is equivalent to
Hence, the Lie brackets of {ξ, X, φ(X)} reduce to:
For λ 2 > 0, if {e 0 , e 1 , e 2 } denotes the orthonormal basis used at Theorem A.1, identifying e 0 = ξ, e 1 = X and e 2 = φ(X), we conclude that (G, g) is isometric to Sl(2, R) endowed with a leftinvariant metric. Similarly, for λ 2 = 0, setting e 0 = −ξ, e 1 = X, e 2 = φ(X) we conclude that (G, g) is isometric to H 3 equipped with a left-invariant metric. • If β = − 1 2 , the only non-trivial constraint from the εη -Einstein condition is given by Ric g (X, X) = Ric g (φ(X), φ(X)) = 1 2 − λ 2 , which is equivalent to c 2 + e 2 = λ 2 .
Consequently, we obtain:
[ξ, X] = 0 , [ξ, φ(X)] = 0 , [X, φ(X)] = −ξ − cφ(X) + eX , with c 2 + e 2 = λ 2 . We assume λ 2 = 0, since otherwise we return to the previous bullet point. Parametrizing e = −|λ| cos θ and c = |λ| sin θ for some angle θ ∈ R, we consider the following orthogonal change of basis:
Defining e 0 = ξ, e 1 = φ(X) and e 2 =X we conclude, via Theorem A.1, that the previous Lie brackets correspond to those of a Lie algebra type g 6 .
We may summarize the information provided in Proposition 4.17 and Lemma 4.18 in the following Theorem.
Theorem 4.19. A three-dimensional connected and simply connected Lie group G admits a leftinvariant εη -Einstein contact structure (g, α) with time-like Reeb vector field if and only if (G, g, α)
is isomorphic, through a possibly orientation-reversing isometry, to one of the items listed in the following table in terms of the orthonormal frame {e 0 , e 1 , e 2 } appearing in Theorem A.1:
g Structure constants α η -Einstein constants G Sasakian
Furthermore, if (M, g, α, −1) ∈ PCont εη L (−1, λ 2 , κ) is complete and not Sasakian then it is a Lie group equipped with a left-invariant Lorentzian contact structure and isomorphic to a left-invariant εη -Einstein structure on either Sl(2, R) when 1 2 > λ 2 = κ > 0 or on E(1, 1) when λ 2 = κ = 0.
Proof. Follows from Proposition 4.17 and Lemma 4.18 upon use of Theorem A.1.
4.3.
Lorentzian case with space-like Reeb vector field. In this subsection we classify all leftinvariant εη -Einstein para-contact structures on three-dimensional simply-connected Lie groups. Let (N, χ, α, ε = 1) ∈ PCont εη L (ε = 1, λ, κ) be an oriented and time-oriented Lorentzian ε -contact metric manifold. By Definition 4.1, (χ, α, ε = 1) is εη -Einstein if and only if it satisfies:
for real constants λ ∈ R and κ ≥ 0.
Remark 4.20. Note that, in contrast to the case s g ε = 1, the endomorphism h associated to a para-contact metric structure may not be diagonalizable, whence the techniques usted to classify εη -Einstein ε -contact metric three manifolds with s g ε = 1 are a priori not applicable here. , α) is isomorphic, through a possibly orientation-reversing isometry, to one of the items listed in the following table in terms of the orthonormal frame {e 0 , e 1 , e 2 } appearing in Theorem A.1:
Proof. We proceed on a case by case basis by checking which of the items appearing in Theorem A.1 admits an εη -Einstein para-contact metric structure (g, α). For this, we will exploit the formulae presented in Appendix B.
• Case g 1 . In the orthonormal frame given in Appendix A, Equation * α = −s dα is equivalent to
Non-trivial solutions for α exist only if b = s, which implies α 1 = 0, since a = 0. This implies in turn α 0 + α 2 = 0, which is incompatible with the constraint −α 2 0 + α 2 2 = 1. Hence g 1 does not admit para-contact metric structures.
• Case g 2 . In the orthonormal frame given in Appendix A, Equation * α = −s dα is equivalent to aα 1 e 0 ∧ e 2 + (cα 0 − bα 2 ) e 0 ∧ e 1 + (−cα 2 + bα 0 ) e 1 ∧ e 2 = s (α 0 e 1 ∧ e 2 + α 1 e 0 ∧ e 2 − α 2 e 0 ∧ e 1 ) .
We distinguish between two different cases. If α 0 = α 2 = 0, then α 2 1 = 1 and a = s, with no additional constraints. If either α 0 = 0 or α 2 = 0, then c = µ(b − s) = 0 for µ ∈ Z 2 and α 2 = µα 0 . Hence, α 2 1 = 1 and a = s again. We verify now the εη -Einstein condition. A direct computation shows that:
Ric g (e 0 , e 1 ) = 0 , Ric g (e 0 , e 2 ) = −ac .
For these equations to be satisfied we have two possibilities:
• If α 0 = 0 and α 2 = 0 then the εη -Einstein condition Ric g (e 0 , e 1 ) = 0 is automatically satisfied.
On the other hand, since a = s, the εη -Einstein condition Ric g (e 0 , e 2 ) = −ac = 0 can be solved if and only if c = 0, which is forbidden in the algebra of type g 2 . • If either α 0 = 0 then α 2 = 0 (and vice-versa). Hence, the εη -Einstein condition Ric g (e 0 , e 1 ) = 0 = α 0 α 1 κ = sα 0 κ is equivalent in this case to κ = 0. Hence, we must have Ric g (e 0 , e 2 ) = −ac = −sc = 0, which implies c = 0. This is again forbidden in the algebra of type g 2 . • Case g 3 . In the orthonormal frame given in Appendix A, Equation * α = −s dα is equivalent to cα 0 e 1 ∧ e 2 + aα 1 e 0 ∧ e 2 − bα 2 e 0 ∧ e 1 = s (α 0 e 1 ∧ e 2 + α 1 e 0 ∧ e 2 − α 2 e 0 ∧ e 1 ) .
If α 0 , α 1 , α 2 = 0, then we have a = b = c = s and −α 2 0 + α 2 1 + α 2 2 = 1. If α 0 = 0 and α 1 , α 2 = 0, then α 2 1 + α 2 2 = 1, a = b = s and c is unconstrained. If α 1 = 0, α 0 , α 2 = 0 (resp. α 2 = 0, α 0 , α 1 = 0) we have −α 2 0 + α 2 2 = 1, b = c = s and a unconstrained (resp. −α 2 0 + α 2 1 = 1, a = c = s and b unconstrained). If α 0 = α 1 = 0 (resp. α 0 = α 2 = 0), then α 2 2 = 1, b = s and a, c are unconstrained (resp. α 2 1 = 1, a = s and b, c unconstrained). Finally, we remark that a = b = 0 is never allowed, since it implies α 1 = α 2 = 0, whence α 2 0 = −1. We compute now the Ricci curvature. We obtain:
, Ric g (e 0 , e 1 ) = 0 ,
Ric g (e 2 , e 2 ) =
We proceed now on a case by case basis:
(1) If α 0 , α 1 , α 2 = 0, and hence a = b = c = s, the εη -Einstein condition reduces to
which follows by direct computation from (13) . (2) If α 0 = 0 and α 1 , α 2 = 0, we have a = b = s and c unconstrained. Then Ric g (e 1 , e 2 ) = 0 implies κ = 0, which solves all off-diagonal εη -Einstein equations. The diagonal components of the εη -Einstein equations are equivalent to
Hence, either c = 0, which implies c = s and we are back to point (1) , or c = 0, in which case λ = 0. The cases α 1 = 0 (α 2 = 0) and α 0 , α 2 = 0 (α 0 , α 1 = 0) follow analogously. Since a = 0 is not allowed if b = s by the type of algebra g 3 , we conclude that a = s. The case α 0 = α 2 = 0 and α 2 1 = 1 follows now along similar lines. • Case g 4 . In the orthonormal frame given in Appendix A, Equation * α = −s dα is equivalent to
We distinguish the cases α 2 = 0 and α 2 = 0. If α 2 = 0 then we must have α 0 = 0 and α 2 1 = 1 and a = s is the unique solution. If α 2 = 0 and b = s then α 0 = 0 and α 2 = 0, a contradiction. Assume then that α 2 = 0 and b = s. It follows that α 0 = 0 and b 2 − 2b(s + µ) + 2(sµ + 1) = 0 .
The previous equation has the unique solution b = µ + s, which indeed satisfies b = s. Then, the solutions in this case are given by:
To classify which para-contact structures are also εη -Einstein, we proceed as in the previous cases by direct computation. We obtain (imposing a = s):
Ric g (e 0 , e 1 ) = 0 , Ric g (e 1 , e 1 ) = − 1 2 , Ric g (e 0 , e 2 ) = s + 2(µ − b) ,
Ric g (e 1 , e 2 ) = 0 .
We distinguish again between the cases α 2 = 0 and α 2 = 0 with b = s. whence κ = −λ 2 . Since κ ≥ 0 we conclude that λ = κ = 0. However, this is incompatible with Ric g (e 1 , e 1 ) = − 1 2 . (2) If α 2 = 0 and b = µ + s then equation Ric g (e 1 , e 2 ) = 0 implies κ = 0 since α 1 = 0 and α 2 = 0. However, then we would need Ric g (e 0 , e 2 ) = −s to vanish, what is not possible. • Case g 5 . In the orthonormal frame given in Appendix A, Equation * α = −s dα is equivalent to
which immediately implies α 0 = 0. The conditions for a para-contact structure to exist are α 2 1 + α 2 2 = 1 and ad = (b + s)(c − s), together with the conditions on the coefficients required by the algebra type g 5 , which are ac + bd = 0 and a + d = 0.
We verify now which para-contact structures on g 5 are εη -Einstein. Using Appendix B we obtain the following components for the Ricci tensor:
Ric g (e 0 , e 0 ) = −a 2 − d 2 − cb − b 2 2 − c 2 2 , Ric g (e 0 , e 1 ) = 0 , Ric g (e 1 , e 1 ) = a 2 + ad − c 2 2 + b 2 2 , Ric g (e 0 , e 2 ) = 0 , Ric g (e 2 , e 2 ) = d 2 + da + c 2 2 − b 2 2 , Ric g (e 1 , e 2 ) = ac + bd . We have, Ric g (e 1 , e 2 ) = 0 automatically by the definition of algebra of type g 5 . Hence, the εη -Einstein condition evaluated in e 1 and e 2 implies:
On the other hand, since α 2 1 + α 2 2 = 1, the εη -Einstein equation implies: Ric g (e 1 , e 1 ) + Ric g (e 2 , e 2 ) = (a + d) 2 = −λ 2 .
Since a + d = 0 by the coefficient conditions of the algebra of type g 5 , the previous equation admits no solutions and therefore an algebra of type g 5 does not admit εη -Einstein para-contact structures.
• Case g 6 . In the orthonormal frame given in Appendix A, Equation * α = −s dα is equivalent to (14) (dα 0 + cα 2 ) e 0 ∧ e 1 + (−bα 0 − aα 2 ) e 1 ∧ e 2 = s (α 0 e 1 ∧ e 2 + α 1 e 0 ∧ e 2 − α 2 e 0 ∧ e 1 ) , which immediately implies α 1 = 0. From the previous (linear) equations we obtain that the conditions to have a non-trivial para-contact structures are −α 2 0 + α 2 2 = 1 and ad = (b + s)(c + s), together with the conditions ac − bd = 0 and a + d = 0 required by the algebra type g 6 . The components of the Ricci tensor read:
Ric g (e 0 , e 0 ) = d 2 + ad + b 2 2 − c 2 2 , Ric g (e 0 , e 1 ) = 0 , Ric g (e 1 , e 1 ) = −a 2 − d 2 − bc + c 2 2 + b 2 2 , Ric g (e 0 , e 2 ) = −ac + bd = 0 , Ric g (e 2 , e 2 ) = −a 2 − da − c 2 2 + b 2 2 , Ric g (e 1 , e 2 ) = 0 . We have Ric g (e 0 , e 2 ) = 0 identically by the conditions on the coefficients of an algebra of type g 6 . Evaluating the εη -Einstein condition on e 0 and e 2 we obtain κ α 0 α 2 = 0 .
Hence, either α 0 = 0 or κ = 0 since α 2 = 0 is not allowed by the para-contact condition. If α 0 = 0 then α 2 2 = 1, which implies a = 0 and c = −s. Taking into account that ac − bd = 0 and a + d = 0, we further obtain that b = 0, which in turn implies:
whence d 2 ≥ 1 since we must have κ ≥ 0. Altogether these conditions solve the εη -Einstein equations of a para-contact structure on g 6 . On other hand, if κ = 0, a combination of the εη -Einstein equations implies:
The last equation above reduces to
where µ ∈ Z 2 . We distinguish now two cases: (1) If a = d = 0 (using that a + d = 0) we obtain c = b and the εη -Einstein equations are equivalent to
Likewise, the coefficient conditions required by the algebra of type g 6 are
implying a = σ(b + s) for a sign σ ∈ Z 2 . Note that b = s since a + d = 2a = 0. Plugging a = σ(b + s) in Equation (14) we obtain:
, which is incompatible with the para-contact condition −α 2 0 + α 2 2 = 1.
Combining this equation with (c − b) = µ(a − d) we obtain a = −µb and d = −µc. The constraints on the coefficients required by the algebra of type g 6 are found to reduce to
whereas the εη -Einstein equations are tantamount to
Therefore, using that 1 + s(b + c) = 0 we obtain λ 2 = 1. Equation (14) • Case g 7 . In the orthonormal frame given in Appendix A, Equation * α = −s dα is equivalent to (bα 0 + aα 1 + bα 2 ) e 0 ∧ e 1 + (dα 0 + cα 1 + dα 2 ) e 0 ∧ e 2 + (bα 0 + aα 1 + bα 2 ) e 1 ∧ e 2 = s (α 0 e 1 ∧ e 2 + α 1 e 0 ∧ e 2 − α 2 e 0 ∧ e 1 ) .
which immediately implies α 0 + α 2 = 0, whence α 2 1 = 1. Write α 1 = σ, with σ ∈ Z 2 . With these assumptions, the previous equations boil down to α 0 = sσa , c = s , α 2 2 = a 2 , where µ ∈ Z 2 . Since c = 0, then a = 0 from the condition ac = 0 required by the algebra of type g 7 . Hence α 0 = α 2 = 0. With these provisos in mind, the Ricci curvature reads:
Ric g (e 0 , e 0 ) = −bs − 1 2 , Ric g (e 0 , e 1 ) = 0 , Ric g (e 1 , e 1 ) = − 1 2 , Ric g (e 0 , e 2 ) = sb , Ric g (e 2 , e 2 ) = 1 2 − sb , Ric g (e 1 , e 2 ) = 0 . However, since α = σ e 1 , we obtain b = 0, which implies κ = −1, a value that is not permitted by Definition 4.1. Finally, to verify which of the εη -Einstein para-contact structures are Sasakian we apply first Proposition 2.18, which states that εη -Einstein para-contact structures on E(1, 1) or E(2) can never be Sasakian. Also, a direct computation shows that h vanishes for every εη -Einstein para-contact structure on Sl(2, R) and g 6 .
4.4.
Lorentzian case with null Reeb vector field. When ε = 0 the εη -Einstein condition for an ε -contact metric structure (χ, α) reduces to
with κ ≥ 0.
Remark 4.22. To the best of our knowledge, this equation has not been considered in the literature. In particular, the methods and techniques used in [11, 38] to classify (κ, µ) and εη -Einstein contact three manifolds do not seem to apply in this case, due to the fact that φ 2 is not an isomorphism when restricted to the kernel of α and that h cannot have non-zero eigenvalues, see Remarks 2.14 and 3.4.
The goal of this subsection is to classify all left-invariant εη -Einstein null contact structures on a simply connected three-dimensional Lie group G. In order to do this, we will make use of the following lemma. G, g, α) is isomorphic, through a possibly orientation-reversing isometry, to one of the items listed in the following table in terms of the orthonormal frame {e 0 , e 1 , e 2 } appearing in Theorem A.1:
Proof. Proposition 3.10 classifies all simply-connected Lorentzian Lie groups admitting left-invariant null contact structures. Hence, we will proceed by verifying which of the cases appearing in Proposition 3.10 satisfy the εη -Einstein equation. For this, we will use the formulae presented in Appendix B, where the Ricci tensor is computed on a global orthonormal frame.
• Case g 1 . The Reeb vector is given by ξ = −α 0 (e 0 + e 2 ). A direct computation using Appendix B shows that Ric χ (u, φ(u)) = − sa α0 . Since a = 0 by the definition of algebra of type g 1 , Lemma 4.23 implies that g 1 does not admit null εη -Einstein structures.
• Case g 2 . A light-cone frame is given by ξ = α 0 (−e 0 + µe 2 ), u = 1 2α0 (e 0 + µe 2 ) and φ(u) = µe 1 . A computation shows that Ric χ (ξ, ξ) = 2a(b − s)α 2 0 . For this to be zero, a = 0 necessarily, since b = s is not allowed. If a = 0, we have:
Consequently, assuming a = 0, g 2 admits εη -Einstein null contact structure with λ 2 = 4(b − s) 2 and κ = 0. • Case g 3 . We distinguish between the cases α 1 = 0, α 2 = 0 and α 1 , α 2 = 0. If α 1 = 0, a light-cone frame is given by ξ = α 0 (−e 0 + µe 2 ), u = 1 2α0 (e 0 + µe 2 ) and φ(u) = µe 1 . We obtain: Ric χ (ξ, ξ) = Ric χ (ξ, φ(u)) = Ric χ (u, φ(u)) = 0
Hence, the εη -Einstein implies a = 0 or a = s. Since a = 0 is not allowed, we conclude a = s, which in turn implies λ 2 = 1 and κ = 0.
If α 2 = 0, a similar analysis follows. In this case, a light-cone frame is given by ξ = α 0 (−e 0 + µe 1 ), u = 1 2α0 (e 0 + µe 1 ) and φ(u) = −µe 2 . We obtain: Finally, if α 1 , α 2 = 0, we directly obtain Ric χ = − 1 2 χ and every null contact structure of this type is εη -Einstein (with λ 2 = 1 and κ = 0). • Case g 4 . We choose a light-cone frame {ξ, u, φ(u)} with ξ = α 0 (−e 0 + µe 2 ), u = 1 2α0 (e 0 + µe 2 ) and φ(u) = µe 1 . We compute: 2s) . . Since κ must be non-negative by definition, we must require that sµ = −1, which implies that b = 0.
• Case g 6 . We can choose the light-cone frame {ξ, u, φ(u)} with ξ = −α 0 (e 0 + µe 2 ), u = 1 2α0 (e 0 − µe 2 ) and φ(u) = −µe 1 . Imposing the constraints found in Proposition 3.10 for null contact structures on g 6 , we get the following components for the Ricci curvature:
These equations yield an εη -Einstein structure with λ 2 = 4a 2 = 0 and κ = 0. Finally, in order to determine when the different εη -Einstein structures obtained are Sasakian, we just have to make use of Proposition 3.15.
Six-dimensional supergravity and ε -contact structures
In the following, let M be an oriented and spin six-dimensional manifold.
Definition 5.1. The bosonic configuration space of six-dimensional minimal supergravity coupled to a tensor multiplet with constant dilaton on M is defined as the following set:
where Lor(M ) denotes the set of Lorentzian metrics on M .
Given (g, H) ∈ Conf(M ) we define ∇ H to be the unique metric-compatible connection on (M, g) with totally skew-symmetric torsion given by H ∈ Ω 3 (M ). In more explicit terms we have
where ∇ denotes the Levi-Civita connection associated to g. 
Ric(∇ H ) = 0 , dH = 0 , d * g H = 0 , |H| 2 g = 0 , where Ric(∇ H ) ∈ Γ(Sym 2 (T * M )) is the Ricci curvature tensor of ∇ H and * g : Ω 3 (M ) → Ω 3 (M ) denotes the Hodge dual associated to g. We denote by Sol(M ) ⊂ Conf(M ) the set of solutions on M .
Remark 5.3. In six Lorentzian dimensions the Hodge dual * g on three-forms squares to the identity. Hence, we obtain the splitting
in terms of self dual Λ 3 + (M ) and anti-self dual Λ 3 − (M ) three-forms. Using this decomposition, a particular class of solutions of Equations (15) is obtained by requiring H to be self-dual, that is:
Ric(∇ H ) = 0 , dH = 0 , * g H = H , This set of equations define the bosonic equations of six-dimensional minimal supergravity. Equations (15) are more general and allow, for instance, H to be a section of a fixed lagrangian distribution of Λ 3 (M ). The possibility of generalizing minimal supergravity to this situation was proposed in [32] and it remains, to the best of our knowledge, up for debate.
can automatically be used to construct new Lorentzian six-manifolds equipped with a Ricci-flat metric-compatible connection with totally skew-symmetric, isotropic, closed and co-closed torsion.
6. Ricci flat Lorentzian six-manifolds with closed self-dual torsion
In this section we apply the results of the previous sections to the construction of new sixdimensional Lorentzian manifolds equipped with a Ricci-flat and metric-compatible connection with totally skew-symmetric, isotropic, closed and co-closed torsion, which in turn yields new solutions of minimal supergravity coupled to a tensor multiplet with constant dilaton in six dimensions. Excluding the Ricci-flat case, the simplest scenario where Theorem 5.4 applies is obtained by taking l = 0 and λ = 0. In this situation, the corresponding six-dimensional ε -contact solution is given by:
H λ,l = λ (ν χ + ν h ) , λ = 0 , on M = N × X, where χ and h are Einstein with negative and positive Einstein constant, respectively. Assuming that both (N, χ) and (X, h) are connected, simply connected and geodesically complete we conclude that (X, h) is isometric to the round sphere and (N, χ) is isometric to Sl(2, R) equipped with its Einstein metric. In particular:
is a solution of six-dimensional minimal supergravity, which corresponds with the well-known AdS 3 × S 3 maximally supersymmetric solution of the theory [22] . For l = 0, ε -contact supergravity solutions are not isomorphic to the previous solution 3 . Hence, intuitively speaking we can think of ε -contact supergravity solutions with l = 0 as being generically non-supersymmetric geometric and topological deformations of the supersymmetric AdS 3 × S 3 solution, with deformations parametrized by l ∈ R, α N ∈ Ω 1 (N ) and α X ∈ Ω 1 (X). In the following we consider ε -contact supergravity solutions of type ε N = −1, ε N = 0 and ε N = 1 separately. We emphasise that in general the values of λ 2 and κ do not uniquely determine the diffeomorphism type of N or X and that the same diffeomorphism type may admite several non-isomorphic ε -contact supergravity solutions. In this direction, it is a priori possible that there exist, at least when ε N = 1 or in the Sasakian case for ε N = 1, ε -contact supergravity solutions for which M is not diffeomorphic to a Lie group.
6.1. Time-like case: ε N = −1. Let:
(N, χ, α N , −1) ∈ PCont εη L (λ 2 , l 2 , −1) , (X, g, α X ) ∈ PCont εη R (λ 2 , −l 2 ) .
Then, the product of the following pairs of three-manifolds carry ε -contact supergravity solutions as prescribed in Theorem 5.4 for the specified parameters: No E(2) No λ 2 = 0 , l 2 = 0 6.2. Space-like case: ε N = 1. Let:
(N, χ, α N , 1) ∈ PCont εη L (λ 2 , l 2 , 1) , (X, g, α X ) ∈ PCont εη R (λ 2 , l 2 ) . The following direct products of three-manifolds can be endowed with ε -contact supergravity solutions as indicated in Theorem 5.4 for the values of the parameters specified below:
Lorentzian factor
Riemannian factor N Sasakian X Sasakian (λ 2 , l 2 ) Sl(2, R) Yes SU(2) Yes λ 2 = 1 + l 2 , l 2 ≥ 0 (N, χ, α N , 0) ∈ PCont εη L (λ 2 , l 2 , 0) , (X, g, α X ) ∈ PCont εη R (λ 2 , 0) . The product of the following Lorentzian and Riemannian three-manifolds carry ε -contact supergravity solutions as described in Theorem 5.4 for the values of the parameters indicated below: No λ 2 = 0 , l 2 ≥ 0 Remark 6.1. Note that both Sasakian and non-Sasakian εη -Einstein null-contact structures on g 6 and E(1, 1) can be combined with Riemannian Sasakian structures on SU(2) as to yield ε -contact supergravity solutions. This is possible due to the fact that the εη -Einstein condition imposes in these cases a quadratic constraint on the structure constants of the corresponding Lie algebras. Solutions to this quadratic constraint produce either a Sasakian or a non-Sasakian null contact structure, depending on the particular solution chosen.
Appendix A. Simply connected three-dimensional Lorentzian Lie groups
For the benefit of the reader, we summarize in the following the classification of all threedimensional Lorentzian simply connected Lie groups. The table below is extracted from [17, Theorem 4.1]. In the table below Sl(2, R) denotes the universal cover of Sl(2, R), E(2) denotes the universal cover of the group of rigid motions of the Euclidean plane, whereas E(1, 1) denotes the universal cover of the group of rigid motions of the Minkowski plane and H 3 denotes the threedimensional Heisenberg group.
Theorem A.1. [17, 24, 49] Let (G, g) be a three-dimensional connected, simply connected, Lorentzian Lie group G with left-invariant metric g. Then, precisely,one of the following cases occurs: • G is unimodular and there exists an orthonormal frame {e 0 , e 1 , e 2 }, with e 0 time-like, such that the Lie algebra of G is one of the following:
(1) g 1 : In this case the isomorphism type of G is listed in the following tables.
Simply-connected unimodular groups with Lie algebra g 4 and µ = 1 
• G is non-unimodular and there exists an orthonormal frame {e 0 , e 1 , e 2 }, with e 0 time-like, such that the Lie algebra of G is one of the following: (1) g 5 :
[e 1 , e 2 ] = 0 , [e 1 , e 0 ] = a e 1 + b e 2 , [e 2 , e 0 ] = c e 1 + d e 2 , a + d = 0 , a c + b d = 0 .
(2) g 6 :
[e 1 , e 2 ] = a e 2 + b e 0 , [e 1 , e 0 ] = c e 2 + d e 0 , [e 2 , e 0 ] = 0 , a + d = 0 , a c − b d = 0 .
(3) g 7 :
[e 1 , e 2 ] = −a e 1 − b e 2 − b e 0 , [e 1 , e 0 ] = a e 1 + b e 2 + b e 0 , [e 2 , e 0 ] = c e 1 + d e 2 + d e 0 , a + d = 0 , ac = 0 .
Appendix B. Curvature of left-invariant metrics on Lorentzian Lie groups Let (G, g) be a three-dimensional Lorentzian Lie group with Lie algebra g. Fix a global leftinvariant frame {e 0 , e 1 , e 2 } on G. We have:
[e 0 , e 1 ] = ae 0 + be 1 + ce 2 , [e 1 , e 2 ] = de 0 + f e 1 + he 2 [e 0 , e 2 ] = ge 0 + je 1 + ke 2 ,
